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The Lounesto classification splits spinors in six classes: I, II, III are those for which at least one
among scalar and pseudo-scalar bi-linear spinor quantities is non-zero, its spinors are called regular,
and among them we find the usual Dirac spinor. IV, V, VI are those for which the scalar and
pseudo-scalar bi-linear spinor quantities are identically zero, its spinors are called singular, and they
are split in further sub-classes: IV has no further restrictions, its spinors are called flag-dipole; V is
the one for which the spin axial-vector vanishes, its spinors are called flagpole, and among them we
find the Majorana spinor; VI is the one for which the momentum antisymmetric-tensor vanishes, its
spinors are called dipole, and among them we find the Weyl spinor. In the quest for exact solutions
of fully-coupled systems of spinor fields in their own gravity, we have already given examples in the
case of Dirac fields [9], and Weyl fields [10] but never in the case of Majorana or more generally
flagpole spinor fields. Flagpole spinor fields in interaction with their own gravitational field, in the
case of axial symmetry, will be considered. Exact solutions of the field equations will be given.
PACS numbers: 04.20.Gz, 04.20.Jb
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I. INTRODUCTION
In contemporary physics, the quest for exact solutions is an endeavour that is scarcely pursued. In spite of the
rarity of exact solutions, we have managed to handle tools powerful enough to extract a great deal of information
out of physical systems. But although such information may be sufficient to make central predictions, nothing is as
informative as exact solutions themselves. To be precise, some exact solution has actually been found in the past.
One example is the case of the plane-wave solutions of Klein-Gordon or Dirac, or even Maxwell equations. However,
single, isolated fields do not really exist in nature, since every field has an energy and therefore every field should
in principle have at least the interaction with its own gravitational field. Allowing gravity into the picture, another
example arises, which is given by the Kerr solution, encompassing the gravitational and electrodynamic fields of a
massive charged material distribution. But just the same, this solution is exact in gravity and electrodynamics, while
the matter distribution is concealed within the central singularity, and so it is not a complete solution either.
Of course studying a fully-coupled system of field equations, that is one for which the gravitational field is sourced
by an energy density given by a field whose field equations contains the connection of the gravitational field, one need
to be equipped with a large amount of patience, for solutions are hard to get. Some simplification must therefore
be implemented. The simplest system we could study is that of neutral matter distributions, so to have gravitation
alone. When the matter distribution is of spinorial type, some solution has been found, albeit in special cases.
To better appreciate the way in which these special cases are arranged, it is necessary to recall that spinor fields
can in general be classified in terms of various categories. One such instance is that of Wigner, which examines
matter in terms of the two Casimir operators of the full Poincaré group, that is the momentum vector and Pauli-
Lubanski axial-vector, classifying particles according to whether they are massive or massless and in means of their
quantized spin states. This classification is still widely used today, but it has recently been accompanied, and refined,
by a number of other classifications, which employ specific mathematical tools given by the tensor bi-linear spinor
quantities, obtained by bracketing between conjugate spinors the elements of the Clifford algebra [1–6]. Different
papers among [1–6] contain different details of the possible classifications, and it is not the place here to enter in these
technicalities.
However, all papers [1–6] have generally the same classification scheme, and according to such a classification
scheme, spinors can be split into two large classes, one of which given when both scalar bispinor quantities are zero,
and thus called class of singular spinors, and the other given when either one of the two scalar bispinor quantities is
non-zero, and thus called class of regular spinors. Additionally, each class can be further split in three sub-classes, so
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that regular spinors are split in type-I and type-II, type-III while singular spinors are split into type-IV, type-V and
type-VI. Type-I, II and III are altogether called Dirac spinors (differences between classes are based on details that
once again are irrelevant in the present context). Type-IV are called flag-dipole [7, 8] with type-V being the flagpole
(those for which the spin axial-vector vanishes, and containing as a particular case the self-conjugated Majorana
spinors) and type-VI being the dipole (those for which the momentum antisymmetric-tensor vanishes, and containing
as a particular case the single-handed Weyl spinors).
With this classification in sight, the fully-coupled exact solutions found so far can be categorized. So to begin, some
fully-coupled exact solutions for the case of Dirac fields have been found in [9]. In [10] we discussed the fully-coupled
exact solutions of the Weyl class. Because the Weyl case is simpler than the Dirac case, we also found all of them.
There is yet no fully-coupled exact solution corresponding to spinors belonging to the flagpole class. Looking for
solutions that could exhaust all classes, flagpole class should be studied as well. Searching for fully-coupled exact
solution of flagpole type is what we will do in the present paper.
There paper is organized with a first section in which we will set the notation and convention for the basic definitions,
and where we will give the field equations we will employ. Section III will be about writing everything in the axially-
symmetric configuration. In Section IV we will proceed in solving the resulting field equations. Section V will contain
a final summary.
II. NOTATIONS AND FIELD EQUATIONS
In the paper, partial derivatives of a given function f(xh) are indicated by fxh :=
∂f
∂xh . Latin and Greek indices run
from 1 to 4. The metric tensor of the space-time is denoted by gij while the tetrad field associated with a given metric
is indicated by eµi in such a way that η
µν = gije
i
µe
j
ν with η
µν = diag(−1,−1,−1, 1) being the Minkowski metric, and
with inverse eiµ verifying therefore e
i
µe
µ
j = δ
i
j and e
µ
i e
i
ν = δ
µ
ν in terms of Kronecker delta. Dirac matrices are indicated
by γµ and Γi := eiµγ
µ with γ5 = iγ4γ1γ2γ3 and chiral representation is used. The spinorial-covariant derivatives of a
Dirac field ψ are expressed as
Diψ = ψxi − Ωiψ (1)
where the spinorial-connection coefficients Ωi are given by
Ωi := −1
4
gjhω
µ
i νe
j
µe
ν
kΓ
hΓk (2)
with ω µi ν being the coefficients of the spin-connection associated through the relation
Γ hij = ω
µ
i νe
h
µe
ν
j + e
h
µ∂ie
µ
j (3)
to the linear connection Γ jik as usual.
We will consider a Dirac field coupled to gravity in the Einstein general relativity theory. The Dirac Lagrangian is
LD =
i
2
(
ψΓiDiψ −DiψΓiψ
)−mψψ (4)
where m is the mass of the spinor. Field equations are obtained by varying the Einstein–Hilbert plus the Dirac
Lagrangian with respect to the tetrads and spinor fields: they turn out to be the Einstein equations
Rij − 1
2
Rgij =
i
4
(
ψΓ(iDj)ψ −D(jψΓi)ψ
)
(5)
and the Dirac equations
iΓhDhψ −mψ = 0 (6)
where Rij and R denote the Ricci tensor and the curvature scalar associated with the Levi–Civita connection. Notice
that by means of the Dirac equations, the Einstein equations (5) can be written in the equivalent form
Rij =
i
4
(
ψΓ(iDj)ψ −D(jψΓi)ψ
)− m
4
ψψgij (7)
which is easier to treat.
It is important to remark that no torsion has been considered, but this amounts to no loss of generality because
the spinors we are going to consider are flagpole spinors, those having the axial-vector bispinor quantity, that is the
Pauli-Lubanski axial-vector, identically equal to zero. Because torsion couples to the dual of the axial-vector bispinor
quantity, which is then also zero, then torsion is zero on-shell.
We are now ready to write all field equations in cylindrical coordinates.
2
III. SPINOR FIELDS IN LEWIS-PAPAPETROU SPACE-TIME
We assume a Lewis-Papapetrou metric in cylindrical coordinates of the form
ds2 = −B2(dρ2 + dz2)− ρP (−W dt+ dϕ)2 + ρ
P
dt2 (8)
where the functions B(ρ, z), P (ρ, z) and W (ρ, z) depend on ρ and z only. The tetrad field associated to (8) is
e1 = B dρ, e2 = B dz, e3 =
√
ρP (−W dt+ dϕ) , e4 =
√
ρ
P
dt (9)
and its dual is
e1 =
1
B
∂
∂ρ
, e2 =
1
B
∂
∂z
, e3 =
1√
ρP
∂
∂ϕ
, e4 =
√
P
ρ
W
∂
∂ϕ
+
√
P
ρ
∂
∂t
(10)
as it is easy to check.
In this paper, we intend to impose these symmetries also on the bilinear quantities arising from the spinor field:
to this purpose, we insist on the vanishing of the Lie derivative for both the velocity vector V = ψ¯γµψ and the
Pauli-Lubanski axial-vector S = ψ¯γµγ5ψ, namely L ∂
∂t
V = L ∂
∂ϕ
V = L ∂
∂t
S = L ∂
∂ϕ
S = 0, getting restrictions on the
spinor itself. In the present paper we focus on flagpole fields, whose form (up to the reversal of the third axis) is
ψ =


0
Λeiα
Ξeiβ
0

 (11)
where Ξ and Λ are functions of the only variables ρ and z, while α and β are functions of all variables ρ, z, ϕ, t.
We stress that the form of the metric (8) is compatible with the spinor (11), but more general axially-symmetric
metrics are possible if the spinor is correspondingly enlarged. We are already approaching the problem of studying
more general axially-symmetric exact solutions and we plan to write a further work on that. For the moment however,
flagpole spinors are our interest, and so the metric (8) is sufficiently general.
Evaluating the Dirac equations for the metric (8) and for the spinor (11), and decomposing them in their real and
imaginary parts, we get eight real equations of the form
Ξcosβ (PWβϕ + Pβt + βϕ)√
ρP
= 0 (12a)
Ξ sinβ (PWβϕ + Pβt + βϕ)√
ρP
= 0 (12b)
1
4ρB2
(
−4ΞβρBρ cosβ + 4ΞβzBρ sinβ +
(
−4ΞρρB − 2Ξ
(
WρρBP
2
+Bρρ+B
))
sinβ
−4ρ
((
ΞzB +
Ξ
(
WzBP
2 +Bz
)
2
)
cosβ +m cosαB2Λ
))
= 0
(12c)
1
4ρB2
(
−4ΞβρBρ sinβ − 4ΞβzBρ cosβ +
(
4ΞρρB + 2Ξ
(
WρρBP
2
+Bρρ+B
))
cosβ
−4ρ
((
ΞzB +
Ξ
(
WzBP
2 +Bz
)
2
)
sinβ +m sinαB2Λ
))
= 0
(12d)
1
4ρB2
(
4ΛαρBρ cosα+ 4ΛαzBρ sinα+
(
4ΛρρB + 2Λ
(
WρρBP
2
+Bρρ+B
))
sinα
−4ρ
((
ΛzB +
Λ
(
WzBP
2 +Bz
)
2
)
cosα+m cosβB2Ξ
))
= 0
(12e)
3
14ρB2
(
4ΛαρBρ sinα− 4ΛαzBρ cosα+
(
−4ΛρρB − 2Λ
(
WρρBP
2
+Bρρ+B
))
cosα
−4ρ
((
ΛzB +
Λ
(
WzBP
2 +Bz
)
2
)
sinα+m sinβB2Ξ
))
= 0
(12f)
Λ cosα (PWαϕ + Pαt + αϕ)√
ρP
= 0 (12g)
Λ sinα (PWαϕ + Pαt + αϕ)√
ρP
= 0 (12h)
and similarly we can evaluate the Einstein equations, which turn out to be
−2P 2BρρBρ2 − 2P 2BzzBρ2 + 2P 2(Bρ)2ρ2 + 2P 2BBρρ+ 2P 2(Bz)2ρ2 +B2
(
ρ2P 4(Wρ)
2 − ρ2(Pρ)2 + P 2
)
2P 2ρ2B2
(13a)
2P 2Bz + ρB
(
WρWzP
4 − PρPz
)
2ρBP 2
= 0 (13b)
1
8
√
PB
(
√
ρ
(
2Λ2αρBP + 2Ξ
2βρBP +
(
PBz −
B
(−P 2Wz + Pz)
2
)
(Ξ + Λ) (Ξ− λ)
))
= 0 (13c)
1
8P 3/2B
(√
ρ
(
2BPΛ2 (WP + 1)αρ + 2BPΞ
2 (WP + 1)βρ + (Ξ + Λ) (Ξ− Λ)
((
WP 2 + P
)
Bz
−B (WP − 1)
(−P 2Wz + Pz)
2
)))
= 0
(13d)
1
2P 2B2ρ
(−2P 2BρρBρ− 2P 2BzzBρ+ 2P 2(Bρ)2ρ− 2P 2BBρ + ρ (B2P 4(Wz)2 −B2(Pz)2 + 2P 2(Bz)2)) = 0 (13e)
1
8
√
PρB
(
−2Λ2αzBPρ− 2Ξ2βzBPρ+ (Ξ + Λ)
(
PBρρ−
B
(−P 2Wρρ+ Pρρ+ P )
2
)
(Ξ− Λ)
)
= 0 (13f)
1
8
√
ρP 3/2B
(−2ρBPΛ2 (WP + 1)αz − 2ρBPΞ2 (WP + 1)βz + (Pρ (WP + 1)Bρ
−B (ρ (WP − 1)Pρ − P (ρP (WP − 1)Wρ −WP − 1))
2
)
(Ξ + Λ) (Ξ− Λ)
)
= 0
(13g)
1
2B2P
(
−B2√ρ (Ξ2βϕ + Λ2αϕ)P 3/2 − PPρρρ− PPzzρ+ (Pρ)2ρ− PPρ + ((Pz)2 − P 4 ((Wρ)2 + (Wz)2)) ρ) = 0
(13h)
1
4B2P
(
B2
√
ρ
(
Ξ2βϕW +WΛ
2αϕ − Ξ2βt − Λ2αt
)
P 3/2 + αϕB
2Λ2
√
ρP + βϕB
2Ξ2
√
ρP + 2PWPρρρ
+2PWPzzρ+ 2P
2Wρρρ+ 2P
2Wzzρ− 2W (Pρ)2ρ+ 4P
(
ρWρ +
W
2
)
Pρ + 2W (Wρ)
2ρP 4 + 2P 2Wρ
−2ρ (−P 4W (Wz)2 +W (Pz)2 − 2PPzWz)) = 0
(13i)
4
12P 3B2
(
B2
√
ρ
(
Ξ2βt + Λ
2αt
)
P 5/2 +
√
ρB2W
(
Ξ2βt + Λαt
)
P 7/2 − ρP (W 2P 2 + 1)Pρρ − ρP (W 2P 2 + 1)Pzz
−2WWρρρP 4 − 2WWzzρP 4 + ρ
(
W 2P 2 + 1
)
(Pρ)
2 +
(−4ρWρP 3W − P 3W 2 − P )Pρ − ρP 4 (W 2P 2 + 1) (Wρ)2
−2P 4WWρ +
((
W 2P 2 + 1
)
(Pz)
2 − 4PzWzP 3W − (Wz)2P 4
(
W 2P 2 + 1
))
ρ
)
= 0
(13j)
again as it is easy, although tedious, to check.
We are thus ready to proceed to the solution.
IV. SOLVING FIELD EQUATIONS
In this section, we search for exact solutions of the field equations (12) and (13).
To this end, we begin by deducing from the pairs of equations (12a)–(12b) and (12g)–(12h) the relations
βt = −βϕ (WP + 1)
P
(14)
and
αt = −αϕ (WP + 1)
P
. (15)
After inserting equations (14) and (15) into equations (13), from the linear combination −W (13h)− (13i) we get
Wρρ =
1
ρP 2
(
−Λ2αϕB2
√
ρP − Ξ2βϕB2
√
ρP − 2PρWρPρ− 2PzWzPρ−WzzP 2ρ−WρP 2
)
(16)
and using equation (16), from equations (13c) and (13f) we obtain the identities
αρ = − 1
4Λ2BP
(−Λ2BP 2Wz + Ξ2BP 2Wz + 4Ξ2βρBP + Λ2BPz − 2Λ2BzP − Ξ2BPz + 2Ξ2BzP ) (17)
and
αz =
1
4Λ2BPρ
(−Λ2BWρP 2ρ+ Ξ2BWρP 2ρ− 4ρPΞ2βzB + Λ2BPρρ− 2Λ2BρPρ− Ξ2BPρρ
+2Ξ2BρPρ+ Λ
2BP − Ξ2BP ) . (18)
Inserting equations (17) and (18) as well as all the relations obtained above into the field equations, from the linear
combination (13a)− (13e) and from (13b) we get the relations
Bρ =
B
(
ρ2(Wz)
2P 4 − ρ2(Wρ)2P 4 + ρ2(Pρ)2 − ρ2(Pz)2 − P 2
)
4ρP 2
(19)
and
Bz =
ρB
(−WρWzP 4 + PρPz)
2P 2
. (20)
Collecting all the obtained results and inserting them into Dirac equations (12), it is seen that the first two and last
two of the latter are automatically satisfied while the remaining four can be expressed in the form
sin(α− β) = 1
8ΛBP 2mρ
(−Ξ(Wρ)2ρ2P 4 + Ξ(Wz)2ρ2P 4 + 2ΞρP 3Wρ + Ξρ2(Pρ)2 − Ξρ2(Pz)2 − 8ΞP 2βzρ
+8P 2Ξρρ+ 3P
2Ξ
) (21a)
cos(α− β) = −−ΞWρWzρP
4 + ΞWzP
3 + 4ΞβρP
2 + ΞPρPzρ+ 4ΞzP
2
4ΛBP 2m
(21b)
5
sin(α− β) = 1
8ΞmP 2BΛρ
(−Ξ2(Wρ)2P 4ρ2 + Ξ2P 4(Wz)2ρ2 + 2Ξ2WρP 3ρ+ Ξ2(Pρ)2ρ2 − Ξ2(Pz)2ρ2
−8ρP 2Ξ2βz + 2Ξ2PρρP + 8ΛP 2Λρρ− 2Ξ2PρρP + 6Λ2P 2 − 3Ξ2P 2
) (21c)
cos(α− β) = −−Ξ
2WρP
4Wzρ+ Ξ
2P 3Wz + 4Ξ
2βρP
2 + Ξ2PρPzρ+ Λ
2PzP + 4ΛP
2Λz − Ξ2PzP
4ΛΞBP 2m
. (21d)
From the linear combinations (21d)− (21b) and (21c)− (21a) we get the relations
Λz = −Λ
2Pz − Ξ2Pz − 4ΞΞzP
4ΛP
(22)
Λρ = −Λ
2Pρρ− Ξ2Pρρ− 4ΞPΞρρ+ 3Λ2P − 3Ξ2P
4ΛPρ
. (23)
Without loss of generality, we can suppose that Λ ≥ Ξ and thus we can set
Λ =
√
Ξ2 + q2eH(ρ,z) (24)
with q a suitable constant. Substituting equation (24) into (22) and (23), we obtain the equations
Hρ = −Pρρ+ 3P
2ρP
(25a)
Hz = − Pz
2P
(25b)
which admit the solution
H(ρ, z) = − lnP
2
− 3 ln ρ
2
+ ln s (26)
for a suitable constant s > 0. Inserting equation (26) into equation (24), we have
Λ =
1
ρ3/4
√
Ξ2
√
Pρ3/2 + q2s√
P
(27)
and using (27) as well as of all the previously obtained identities, we can rewrite equation (13h) in the form
−
√
ρPαϕΞ
2
2
−
√
ρPβϕΞ
2
2
− ρP
3(Wρ)
2
2B2
− ρP
3(Wz)
2
2B2
− αϕq
2s
2ρ
− ρPρρ
2B2
− ρPzz
2B2
+
ρ(Pρ)
2
2PB2
+
ρ(Pz)
2
2PB2
− Pρ
2B2
= 0. (28)
Differentiating equation (28) with respect to the variables ϕ and t and solving the consequent equations, we deduce
the expression
α = − Ξ
2
√
Pρ3/2β
Ξ2
√
Pρ3/2 + q2s
+Q1(ρ, z)ϕ+Q2(ρ, z, t) (29)
where (inserting equation (29) into (28))
Q1(ρ, z) =
ρ
(−PPρρρ− PPzzρ+ (Pρ)2ρ− PPρ + ρ ((Pz)2 − P 4 ((Wρ)2 + (Wz)2)))
B2P
(
Ξ2
√
Pρ3/2 + q2s
) . (30)
Moreover, inserting equation (30) into (15) and making use of equation (14), we also get
Q2(ρ, z, t) = − (PW + 1)Q1(ρ, z)t
P
+ F (ρ, z) (31)
6
for an arbitrary function F (ρ, z). Now, inserting equations (19), (20), (27) and (29) into (17) and (18), and differen-
tiating the resulting equations twice with respect to the variables t and ϕ, we obtain the equations
sq2Ξ
√
ρβtt (4PρΞρ + PρΞρ+ 3PΞ)
2
√
P
(
Ξ2
√
Pρ3/2 + q2s
)2 = 0 (32a)
Ξρ3/2βttq
2s (4PΞz + ΞPz)
2
√
P
(
Ξ2
√
Pρ3/2 + q2s
)2 = 0 (32b)
sq2Ξ
√
ρβϕϕ (4PρΞρ + PρΞρ+ 3PΞ)
2
√
P
(
Ξ2
√
Pρ3/2 + q2s
)2 = 0 (33a)
Ξρ3/2βϕϕq
2s (4PΞz + ΞPz)
2
√
P
(
Ξ2
√
Pρ3/2 + q2s
)2 = 0 (33b)
sq2Ξ
√
ρβtϕ (4PρΞρ + PρΞρ+ 3PΞ)
2
√
P
(
Ξ2
√
Pρ3/2 + q2s
)2 = 0 (34a)
Ξρ3/2βtϕq
2s (4PΞz + ΞPz)
2
√
P
(
Ξ2
√
Pρ3/2 + q2s
)2 = 0. (34b)
The previous equations (32), (33) and (34) highlight the following three main cases:
1. q = 0 ⇐⇒ Λ = Ξ
2. βtt = 0, βtϕ = 0, βϕϕ = 0
3. 4PρΞρ + PρΞρ+ 3PΞ = 0, 4PΞz + ΞPz = 0
together with all their possible intersections. Omitting the details for the sake of brevity, we have that cases 2 and
3 with Λ 6= Ξ have no solutions. We restrict our attention to the intersection between case 1 and 2, postponing the
study of the general case 1 to a future work. Therefore, from now on we simultaneously assume the conditions
Λ = Ξ, βtt = 0, βtϕ = 0, βϕϕ = 0 (35)
and then, taking conditions (35) into account, from equation (14) we have
β =M(ρ, z)t− M(ρ, z)P (ρ, z)ϕ+ φ(ρ, z)
PW + 1
(36)
where M(ρ, z) and φ(ρ, z) are two arbitrary functions of the variables ρ and z. At the same time, differentiating
equations (17) and (18) with respect to ϕ after inserting all the stated results, we obtain the relations
(Q1)ρ = 0, (Q1)z = 0 ⇒ Q1(ρ, z) = k (37)
where k is a constant. Repeating the procedure, but this time differentiating equations (17) and (18) with respect to
the variable t and using equation (37), we get also
W = − 1
P
+ c (38)
7
with c constant. Inserting equations (37) and (38) into (17) and (18), we derive the relations
Fρ = 0, Fz = 0 ⇒ F (ρ, z) = h (39)
with h constant. Using equations (27), (29), (31), (36) and (38), we can solve equation (13b) and the linear combination
(13a)− (13e) for the unknown B(ρ, z) and obtain the expression
B =
b
ρ1/4
(40)
with b constant. Replacing equations (37), (38) and (40) into equation (30), we obtain the following differential
equation
Pρρ +
1
ρ
Pρ + Pzz = −k
√
Pb2Λ2
ρ
(41)
identical to the Poisson equation for the unknown P (ρ, z) in cylindrical coordinates. Moreover, from equations (29)
and (36) together with equations (31), (37), (38), (39) we get the expressions
α = −ckt+ kϕ− β + h (42)
and
β =
(ct− ϕ)M(ρ, z) + cφ(ρ, z)
c
. (43)
Collecting all the results obtained so far, we have the Lewis-Papapetrou metric (8) and the spinor field (11) respectively
expressed as
ds2 = −b
2(dρ2 + dz2)√
ρ
− ρP
(
−
(
− 1
P
+ c
)
dt+ dϕ
)2
+
ρ
P
dt2 (44)
and
ψ =


0
Λei(−ckt+kϕ−β+h)
Λei
(ct−ϕ)M(ρ,z)+cφ(ρ,z)
c
0

 (45)
and as a direct check would show, the metric tensors and spinor fields of the form (44) and (45) satisfy all the
Einstein–like field equations (13). In particular, the function P (ρ, z) appearing in equation (44) has to satisfy the
Poisson equation (41), while in order to determine the remaining functions Λ(ρ, z), M(ρ, z) and φ(ρ, z) in equation
(45) we still have at our disposal four of the eight Dirac equations (12). About this, it is convenient assuming the
function Λ(ρ, z) of the form
Λ =
Ψ
P
1
4 ρ3/4
(46)
where Ψ(ρ, z) is a function of the variables ρ and z. After that, evaluating equations (12c) and (12d) for the metric
(44) and the spinor field (45), we get the equations
sin(β + (ct− ϕ)k − h) =
(
ρΨβρ sinβ + ρΨβz cosβ +
(−Ψρρ+ 3Ψ8 ) cosβ + ρΨz sinβ)
ρ3/4bmΨ
(47a)
cos(β + (ct− ϕ)k − h) = −
(
ρΨβρ cosβ − ρΨβz sinβ +
(
Ψρρ− 3Ψ8
)
sinβ + ρΨz cosβ
)
ρ3/4bmΨ
. (47b)
From linear combinations of (47) we deduce the equations
sin(2β + (ct− ϕ)k − h) = 8Ψβzρ− 8Ψρρ+ 3Ψ
8Ψρ3/4mb
(48a)
8
cos(2β + (ct− ϕ)k − h) = − (Ψβρ +Ψz) ρ
1/4
Ψmb
(48b)
and by multiplying equation (48a) for (2βϕ−k) and adding the result to the derivative of equation (48b) with respect
to ϕ, we obtain the equation
βρϕ = −
(
Ψβzρ−Ψρρ+ 3Ψ8
)
(k − 2βϕ)
ρΨ
. (49)
Analogously, by subtracting the derivative of equation (48a) with respect to ϕ to equation (48b) multiplied for
(2βϕ − k), we also obtain
βzϕ =
(Ψβρ +Ψz) (k − 2βϕ)
Ψ
. (50)
Inserting expression (43) into equations (49) and (50) and differentiating with respect to ϕ, we get the relations
Mz
(
k + 2Mc
)
c
= 0 (51a)
Mρ
(
k + 2Mc
)
c
= 0 (51b)
so that from equations (51), we get the identity
M(ρ, z) =M := −ck
2
. (52)
In view of equation (52), the expressions (42) and (43) for the functions α and β assume the form
α =Mt− Mϕ
c
− φ(ρ, z) + h (53)
β =Mt− Mϕ
c
+ φ(ρ, z). (54)
Inserting expressions (54) into equations (48) and resolving the resultant equations for Ψρ and Ψz, we obtain the
relations
Ψρ =
Ψ
(
8 sin(−2φ+ h)ρ3/4bm+ 8φzρ+ 3
)
8ρ
(55a)
Ψz = −
Ψ
(
cos(−2φ+ h)bm+ φρρ1/4
)
ρ1/4
. (55b)
From equations (55), by imposing Schwartz conditions, we get the following differential equation for the function φ
φρρ + φzz +
(−2mb (φzρ+ 18) cos(−2φ+ h) + 2φρ sin(−2φ+ h)bmρ)
ρ5/4
= 0 (56)
which can be rewritten in the form
− ∂
∂ρ
(
φρ +
cos(−2φ+ h)bm
ρ1/4
)
=
∂
∂z
(
φz +
sin(−2φ+ h)bm
ρ1/4
)
. (57)
From equation (57), it follows that there exist a function T (ρ, z) such that
Tρ = φz +
sin(−2φ+ h)bm
ρ1/4
(58a)
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Tz = −φρ − cos(−2φ+ h)bm
ρ1/4
. (58b)
Substituting the content of equations (58) into equations (55), we deduce the equations
Ψρ =
(8Tρρ+ 3)Ψ
8ρ
(59a)
Ψz = ΨTz (59b)
which can be solved for the function Ψ, giving rise to the expression
Ψ(ρ, z) = CΨρ
3/8eT (ρ,z) (60)
where CΨ is a suitable constant.
Summarizing all the obtained results, we have found solutions of the field equations (12) and (13) of the form
ds2 = −b
2(dρ2 + dz2)√
ρ
− ρP
(
−
(
− 1
P
+ c
)
dt+ dϕ
)2
+
ρ
P
dt2 (61)
and
ψ =


0
CΨe
i(Mct−Mϕ−cφ(ρ,z)+ch)+cT(ρ,z)
c
ρ3/8P 1/4
CΨe
i(cφ(ρ,z)+Mct−Mϕ)+cT(ρ,z)
c
ρ3/8P 1/4
0


(62)
where the functions T (ρ, z) and P (ρ, z) are determined in terms of the function φ(ρ, z), solution of equation (56), by
means of equations (58) and equation (41) now expressed as
Pρρ +
1
ρ
Pρ + Pzz =
2Mb2C2Ψe
2T
cρ7/4
(63)
The proposed resolution of the field equations (12) and (13) is therefore entirely based on particular solutions of
equation (56). In the next subsections we present two examples relative to two choices of the function φ.
We notice that, regardless of the particular solutions of equation (56) and related equations (58) and (41), the
Riemann invariants associated with the solutions (61) and (62) are of the form
S1 =
1
64b4ρ3
, S2 =
1
512b6ρ9/2
(64)
thus presenting a singularity on the submanifold ρ = 0.
As far as the spinor field is concerned, the velocity vector (tetrad) components result to be
ψ¯γ1ψ = ψ¯γ2ψ = 0, ψ¯γ3ψ = ψ¯γ4ψ =
2C2Ψe
2T
ρ3/4
√
P
(65)
with Pauli-Lubanski axial-vector and both scalar bispinor quantities equal to zero, confirming that the spinor is a
flagpole spinor, belonging to the type-IV class, as we have claimed from the start.
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A. The case φ constant
Supposing φ constant, from equations (56) and (58) we have the relations
h = 2φ− pi
2
(66)
and
T (ρ) = −4ρ
3/4bm
3
(67)
where the choice 2φ− h = pi/2 is justified by the requirement of convergence, for large values of ρ, of the source term
in the Poisson equation (63), now written in the form
Pρρ +
1
ρ
Pρ + Pzz =
2Mb2C2Ψe
−
8ρ3/4bm
3
cρ7/4
(68)
and the whole procedure would end by finding some solutions of equation (68) and inserting them into expressions
(61) and (62). To this end, for simplicity, let us first rename some constants as
C1 :=
2Mb2C2Ψ
c
and C2 :=
8bm
3
(69)
and we search for a particular radial solution P˜ (ρ) of equation (68) by setting p(ρ) := P˜ρ and solving the resultant
equation
pρ +
p
ρ
=
C1e
−C2ρ
3/4
ρ7/4
. (70)
A solution of equation (70) is given by
p(ρ) =
8pi
√
3C1
9Γ(2/3)C
1/3
2 ρ
− 4C1Γ(1/3, C2ρ
3/4)
3C
1/3
2 ρ
(71)
where Γ(−) and Γ(−,−) are the Gamma function and the Incomplete Gamma function respectively [11]. It is seen
that a primitive function of (71) is given by
P˜ (ρ) =
8pi
√
3C1 ln ρ
9Γ(2/3)C
1/3
2
+ 16C1ρ
1/4
2F2(1/3, 1/3; 4/3, 4/3;−C2ρ3/4) (72)
where 2F2(1/3, 1/3; 4/3, 4/3;−) is a generalized hypergeometric function of kind 2F2. The function (72) is then a
particular solution of equation (68). We notice that the term proportional to ln ρ can be omitted since it is harmonic,
thus ensuring the positiveness of the solution even for small values of ρ, as required by the expressions (61) and (62).
Of course, we can generate other solutions by adding to the function P˜ some generic harmonic functions P¯ (ρ, z) in
the cylindrical coordinates ρ and z, as for example
P (ρ, z) = P˜ (ρ) + P¯ (ρ, z) (73)
with P¯ (ρ, z) = K√
ρ2+z2
. The final expression of the spinor field is
ψ =


0
CΨe
−
C2
2
ρ3/4ei(Mt−Mϕ/c+φ−pi/2)
ρ3/8P 1/4
CΨe
−
C2
2
ρ3/4ei(Mt−Mϕ/c+φ)
ρ3/8P 1/4
0


. (74)
The velocity vector (tetrad) components of the spinor (74) are
ψ¯γ1ψ = ψ¯γ2ψ = 0, ψ¯γ3ψ = ψ¯γ4ψ =
2C2Ψe
−C2ρ
3/4
ρ3/4
√
P
(75)
and the metric tensor is given by equation (44).
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B. The case φ radial
We suppose that φ is function of the single radial variable ρ. In such a circumstance, setting h = 0 for simplicity,
equation (56) assumes the form
φρρ =
bm (8ρφρ sin(2φ) + cos(2φ))
4ρ5/4
(76)
with a solution of equation (76) given by
φ(ρ) =
1
2
arctan
(
e−2C2ρ
3/4 − 1
2e−C2ρ3/4
)
. (77)
Inserting the expression (77) into equation (58) and solving for T (ρ), we get
T (ρ) = −C2ρ
3/4 − 1
2
+ lnC3 (78)
where C3 is a suitable integration constant. As done in the previous subsection, we set p(ρ) := Pρ(ρ) and rewrite
equation (63) as
pρ +
p
ρ
− 2C1C
2
3 cosh
(
C2ρ
3/4
)
ρ7/4
(79)
equation (79) admits the solution
p(ρ) = −3
1/34C1C
2
3Γ
(
1
3 ,−C2ρ3/4
)
3
(
1 + i
√
3
)
b1/3m1/3ρ
− 2
(
31/3 + i35/6
)
C1C
2
3Γ
(
1
3 , C2ρ
3/4
)
3
(
1 + i
√
3
)
b1/3m1/3ρ
+
C4
ρ
(80)
where again Γ(−) and Γ(−,−) denote the Gamma and the Incomplete Gamma function respectively, and C4 is an
integration constant. By integrating with respect to ρ and omitting all the additive harmonic terms, we get a particular
solution of the Poisson equation (63), expressed as
P˜ (ρ) = 16C1C
2
3ρ
1/4
2F2
(
1
3
,
1
3
;
4
3
,
4
3
;−C2ρ3/4
)
+ 16C1C
2
3ρ
1/4
2F2
(
1
3
,
1
3
;
4
3
,
4
3
;C2ρ
3/4
)
(81)
where, as above, 2F2(
1
3 ,
1
3 ;
4
3 ,
4
3 ;−) is a generalized hypergeometric function of kind 2F2. Again, by adding to P˜ (ρ)
any harmonic function P¯ (ρ, z), we obtain solutions P (ρ, z) = P˜ (ρ) + P¯ (ρ, z) of equation (63) in the variables ρ and
z. Of course, care must be taken that the so obtained solution P (ρ, z) is positive (solution (81) actually is positive).
The explicit form of the spinor field is given by
ψ =


0
CΨ
√
2 cosh(C2ρ3/4)C3e
i

 (ct−ϕ)Mc +
arctan(sinh(C2ρ3/4))
2


ρ3/8P 1/4
CΨ
√
2 cosh(C2ρ3/4)C3e
i

 (ct−ϕ)Mc −
arctan(sinh(C2ρ3/4))
2


ρ3/8P 1/4
0


. (82)
The velocity vector (tetrad) components of the spinor (82) are
ψ¯γ1ψ = ψ¯γ2ψ = 0, ψ¯γ3ψ = ψ¯γ4ψ =
4C2ΨC
2
3 cosh
(
C2ρ
3/4
)
ρ3/4
√
P
(83)
with metric tensor given by equation (44).
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V. CONCLUSION
In this paper, we have presented an exact solution for an interacting system of a spinor in its own gravitational
field in which the gravitational field was acting back onto the matter distribution itself. This fully-coupled system of
self-gravitating matter was studied in the case of flagpole spinors. Two notable sub-cases were analyzed in detail.
Because flagpole fields have Pauli-Lubanski axial-vector equal to zero identically, it turns out that they can have
no torsion either, at least in Einstein-Sciama-Kibble theories. Notice that even if we were to have a propagating
torsion field, it would still lack an interaction to flagpole spinors. So, whether gravity is completed with torsion in
a non-propagating or a propagating way, torsion may be zero or non-zero, but either way it will not couple to the
spin of matter fields. Thus, there appears to be no possible generalization for the background (unless of course the
generalization comes from the inclusion of an entirely new type of physical fields and their interactions).
Feasible extensions can however be obtained by enlarging the type of spinors to be flag-dipole spinors. This solution
would constitute the most comprehensive type of spinors of singular type, and therefore it is worth to look for it.
The entire set of solutions that we have found so far in this paper and in [10] consists of flagpole and Weyl fields
while those found in [9] are Dirac fields with the critical property of having scalar bilinear equal to zero: therefore,
all solutions found so far share the property of having ψψ≡ 0 in a way or another. Because what is usually done in
quantum field theory consists in developing in plane waves, for which the pseudo-scalar bilinear may vanish but the
scalar bilinear must be a non-zero constant, then we can conclude that all our solutions do not possess at least some
of the basic properties that would allow them to be treated according to the usual methods employed in quantum field
theory. Still, all of them are exact solutions. Does this mean that the system of field equations is not sufficient, taken
alone, to single out all physical solutions, and some of them do exist which are nevertheless not physical? Or does it
mean that the methods of QFT are too restrictive to deal with fields that would otherwise be correctly defined?
Continuing the research along this line is a way to furnish answers to questions that, involving both classical exact
solutions and quantization methods, lie at the very center of the foundations of contemporary physics.
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